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Abstract

A method for parameterizing nearly arbitrary implicit plane/space curves and surfaces is
introduced. The parameterizations are of claés® if the given curves/surfaces are of clags.
The computation of points and derivatives is performed numerically. These parameterizations can
be used for controlled determination of points on curves and surfaces and for the application of
developed techniques for parametric curves and surfaces (mesh generation, texture mapping, curve
integrals, surface integrals.) to implicit curves and surfaces. The idea of the normalform of a
curve/surface introduced in recent papers makes it possible to apply the numerical parameterization
to nearly arbitrary curves and surfac&s2000 Elsevier Science B.V. All rights reserved.

Keywords:Parameterization; Implicit curve; Implicit surface; Normalform; Mesh generation;
Curvature; Foot point; Intersection curve

1. Introduction

Modern CAD-systems are based on parametrically defined curves and surfaces. The
parametric representation has a lot of advantages. For example: It is easy to calculate
points or quadrangle meshes which are preferred in finite element methods. Implicit curves
and surfaces have, in praxis, an essential disadvantage: It is difficult to calculate points
on curves and surfaces in a predictable way. On the other hand there are problems,
for example blending curves and surfaces, which have for implicitly defined curves
and surfaces simple solutions (cf. (Hartmann, 1998a)). So one is interested in shifting
from one representation to the other. The transition from parametric to implicit can
be done by using the numerical implicitization introduced in (Hartmann, 1998a). The
converse, parameterization of implicit curves and surfaces, is tackled in literature in two
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different ways: (1) approximation by parametric curves and surfaces and (2) exact
parameterization. There are several papers proposing algorithms fappineximation

of algebraic curves and surfaces by parametric curves and surfaces (Waggenspack and
Anderson, 1989; Bajaj and Xu, 1997a, 1997b). The papers (Bajaj and Xu, 1994; Sederberg
and Nishita, 1991) deal with the approximation of surface/surface intersection curves.
Papers which proposexactrepresentations of plane curves or intersection curves are
mostly restricted to algebraic curves. (Abhyankar and Bajaj, 1989) and (Garrity and
Warren, 1989) introduce algorithms for representing intersection curves of algebraic
surfaces by a data structure that consists of a plane curve, a linear function mapping points
on the space curve to points on the plane curve, and rational functions mapping points
on the plane curve to points on the space curve (see also (Berry, 1997)). (Abhyankar and
Bajaj, 1988) deal with plane algebraic curves. (Markot and Magedson, 1991) describes a
numerical parameterization of the intersection curve of two parametric surfaces. They start
with an approximating polygon generated by a surface/surface intersection algorithm. The
polygon is parameterized and a procedure using a Newton iteration calculates for a point
on the polygon with parametera point on the intersection curve. It is shown that this
parameterization is piecewise’.

The parameterization of plane curves, surfaces and intersection curves proposed in this
paper is applicable to all?-continuous regular curves and surfaces, parametrically or
implicitly or even more generally defined. It is based on the idea of the normalform for
plane curves and surfaces respectively. The normalform is an extension of the Hessian
normalform for lines/planes to curves/surfaces (see definition below). As usually the
normalform is not known explicitly the evaluation of the normalform function and its
derivatives is done numerically by appropriate foot point algorithms. The described
parameterizations of curve arcs and surface patches are of €lassif the given
curves/surfaces are of cla€s.

In Section 2 the definition of the normalform and basic properties are given. Section 3
describes the numerical parameterization of planar curves, lists an algorithm for its
realization and demonstrates the method at an example. Section 4 is dedicated to the
surface case. It contains an algorithm for the numerical parameterization of surfaces which
calculates surface points, the first derivative vectors of the parameterization and the first
and second fundamental forms at a surface point. Section 5 deals with the curvature and
the determination of foot points on intersection curves of surfaces. These results are applied
to numerical parameterization of intersection curves.

2. The normalform of a curve/surface

Analogously to the Hessian normalform of a linéid and a plane ifR? the normalform
of a curve/surface is defined.

Definition. Let I"(®) be a smooth implicit curve (surfacé)= 0 in R? (R%). If the

function & is continuously differentiable anfiVk| = 1 on I'(®) and in a vicinity of
I'(®) then the equatioi = 0 is callednormalformof I'(®) andk the corresponding
normalform functioror (as of its geometrical meaningjiented distance function
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From the theory of the non linear partial differential equatjt||?2 = 1 (cf. (Courant
and Hilbert, 1962; Weise, 1966)) follows:

Result. Let I"(®) be aC?-continuous curvésurface in R? (R%). Then there exists in a
vicinity of I"(¢) a unique differentiable functioa such that: = 0 is the normalform of
I (®).

If "' (@) is of continuity clas<” then functiom: is the same.

h and gradien¥ i have the following properties (Hartmann, 1999):
h(X+ V(X)) =h(X) + 6, Vh(x+8Vh(X)) = VA(X).

If x e I'(®) thenh(Xx + 8Vh(X)) = § is the (oriented) distance of poirt+ §VA(X) to the
curve (surface) anxlis the foot point o + § VA (x) on the curve (surface). Equatién=§
describes the offset curve (surface) of distafice

Functioni is known explicitly in rare cases only. In general the evaluatioh isfdone
numerically by determining foot points (cf. (Hartmann, 1999)). Once the foot point of a
point is known, the first and second derivativeshofan be evaluated using the normal
vector and the curvature(s) of the curve (surface) (Hartmann, 1999).

3. Parameterization of planar curves

For the normalform functioh of a planar curve we get the special properties (Hartmann,
1999):
e For a point on curvé = 0 we have:
Vh is eigenvector of the Hessian mattik, with eigenvalue 0,
the tangent vector is an eigenvectorf with the curvature as eigenvalue.
e For a curve poink and a poink; := X 4+ 8§ VA(x) the following relation is valid:

K (X)
14+8k(X)

Let f(x,y) = 0 be a planar implicit regular (i.eY f # 0) curve with normalform
h(x,y)=0andl': x=y(t),t € [a, b] a parametric curve in the vicinity of curvé=0.
(For the application belowr is chosen as a Bézier curve which is a rough approximation of

an arc off = 0.) Both curves are supposed to be differentiable enough. Then the parametric
curve

Io: x=yo(t) :=y () —h(y @))Vh(y (1)), 1€la,bl,

is an arc of the given curvg = 0, because dfi(y — h(y)Vh(y)) =h(y) — h(y) =0 (see
basic properties of the normalform functibrabove). Differentiating yields

K(Xs) =

Vo =y — (VATVR)YT —hH,p T
= (I —hHy)(I = VATVR)pT,

wherex" assigns the transpose of the row veotpll the 2x 2 unit matrix andH,, the
Hessian matrix of:.. In the equation abovie, Vi and H), are evaluated at poipt().
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auxiliary curve

X curvature midpoint
1 X5

Fig. 1. The relation between the derivativegandyy.

Vector (I — VATVh)yT is a tangent vector of the curve= h(y (1)) = const (offset
curve ofh = 0) and can be expressed by - r)r with r := (—h,, hy). Hence

Hy()(I = V) TVRW))y T = Hy G TorT =k () Tor'.
Becausévh(y) = Vh(yo) and

« (yo)
1+ h(y)x(y0)
(see properties d¥h above) we get
(Y -r(yo)r(yo)
T o0
y,y andyp evaluated at parameteryo(t) is the foot point ofy (¢) on curvek = 0 and
h(y) the oriented distance sigviz(yo) - (¥ — y0))|ly — yoll of pointy (¢) to curveh = 0.

Fig. 1 gives a geometric interpretation of the formula for the derivative

Thealgorithmfor the numerical parameterization of an @gpof a planarC?-continuous

curve (implicit, parametric,. .) is as follows

(1) Determine start- and endpoixt, X2 of the arclp to be parameterized.

(2) Choose a Bézier or B-spline cury& x = y(¢),t € [0, 1] that interpolatexy, X2
and is a rough approximation @%. (The denominator in the formula below for the
tangent vector must be positive! This means cufvehould be close td, where
the curvature of p is large.)

(3) Pointyp(z) is the foot point of poiny () on curvely. (For an appropriate algorithm
see (Hartmann, 1999).)

(4) Letng be the unit normal vectorg the unit tangent vector ang the curvature of
Iy at pointyo(z). With

h(y) =sign(no - (¥ @) — yo())) | v () — yo(0) ||
we get thederivativeat pointyo():
Yo = (y -ro)ro '
1+ h(y)ko
In case of parameterizing amplicit curve f (x, y) = 0:

k(y) =
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Fig. 2. Parameterization of the upper part of the curde- y4 = 1.

no := Vf/IVFI, ro:=(—sfy, fO/NVI£I,
o ﬂzfxx - 2fxfyfxy + fxzfyy
B (f2+ 1232

KO

Remark. As the above result on normalforms the introduced parameterization is of class
C"1in case the auxiliary parametric curve and the given curv&4reontinuous.

Example. Fig. 2 shows the auxiliary Bézier curve used for a numerical parameterization
of the implicit curvex* + y* — 1 = 0 together with points (i /n), foot pointsyo(i /n) and
their derivativey (i /n), yo(i/n), i =1,...,n, forn =8.
The advantage of the numerical parameterization shows (for example) the determination
of the arc length. of the parameterized arc. The arc length determined
(a) by evaluation the curve integr%lh)o(mdt with Romberg quadrature needs 64
intermediate points to get the resil= 3.50885,
(b) by summing the polygon chords needs 825 intermediate points to meet the same
accuracy.

4. Parameterization of surfaces

For the normalform functiok of a surface we get the special properties (Hartmann,
1999):
e Thenormal curvaturefor unit tangent direction is «,, = VH,V'. (k, is the curvature
of the surface curve contained in the normal plane determined byxydhe gradient
Vh and the tangent vecter)
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e Theeigenvaluesf the Hessian matri¥;, are
A1 = 0 with eigenvectoV i,
A2 = Kmin, A3 = kmax (Main curvatures).
Let f(x) = 0 be an implicit regular (i.e¥Y f # 0) surface with normalforni(x) = 0 and
@: x = S(u,v), (u,v) € D C R? a parametric surface in the vicinity of surfage= 0.
(For the application below® is chosen as a tensor product Bézier surface which is a
rough approximation of a patch gf= 0.) Both surfaces are supposed to be differentiable
enough. Then the parametric surface

®o: X = So(u, v) := S(u, v) — h(S(u, v)) Vh(S(u,v)), (u,v) € D,
is a patch of the given surfagé= 0, because of
h(S—h(S)VA(S)) = h(S) —h(S) =0
(see basic properties of the normalform functioabove). Differentiating yields:
S = (I = VATVh — hHy)S],
= —Vh'Vh —hH,)S].

Functionk, Vh and Hj, are evaluated at poil®(u, v).

Thealgorithmfor the numerical parameterization of an implicit surfgte) = O:

(1) Choose atensor product Bézier or B-spline surface& = S(u, v), (u, v) € [0, 1] x
[0, 1] which is a rough approximation of the surface padghto be parameterized.

(2) PointSy(u, v) is the foot point of poinS(u, v) on surfacef = 0. (For an appropriate
algorithm see (Hartmann, 1999).)

(3) If the first derivatives and the fundamental forms are needed then calculate for the
normalform functiom: of the given surfacg = 0:

Va(S(u,v)) =V f(Sou,v))/Il...Il
and
h(S) = sign(Vh(So) - (S— S0)) IS — Soll

for parametersu, v).

(4) Determine the Hessian matrikl;, at point S(u,v) by the method given in
(Hartmann, 1999).

(5) Thederivativesof Sy(u, v) are

.= (I = Vh"Vh — hHy)S],
S, = —Vh'Vh—hH,)S],

h, Vh and H;, evaluated at poirs(u, v).
(6) The coefficients of thérst fundamental fornare:

E:: S%,u’ F:= &),u ‘SO,v’ G = S(Z),v'
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(7) The coefficients of theecond fundamental form
(a) Determine for three directions := &S, + iS00, { = 1,2, 3, the normal

curvatures of the surfacg(x) = 0:
T
o = S
V£

(b) Using the first fundamental form (from item (6)) and the normal curvatures
K1, k2, k3 (out of (a)) the coefficients, M, N of the second fundamental form

can be determined from the linear system
LE? 4+ 2M&n; + Ny?
= LT EME NI g 03
EES +2F¢&in; + Gn;

Remark.
(a) Because of the result on normalforms in Section 2 the introduced parameterization
of a surface is of class” 1 if the auxiliary parametric surface and the given surface

areC"-continuous.
(b) If there is no demand for continuity (for example, for texture mapping, cf. (Zonen-

schein et al., 1998)) one may use the more simple procexlufacepoint out
of (Hartmann, 1999), Section 5.1.2, instead of the foot point procedure. Usually one

recognizes no evident differences.

Example 1. Fig. 3 shows the auxiliary Bézier surface used for a numerical parameteriza-
tion of a patch of the implicit surfacg = 0 with
Fy. =AW+ 22 = D2 +22 = 1) = u((2 =22 = y2 = (e - D))’

for w =0.002 r =3, ¢ = 1.1 which is aG2-blending surface of the cylindex$ +z2 =1
andy? + z2 = 1. (For the triangulation of the surface cf. (Hartmann, 1998b).)
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Fig. 3. Bézier surface patch used for parameterization of an implicit surface.
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Fig. 5. Extension of the parameterization.

Fig. 4 shows the Bézier surface and the parameterized implicit surface patch.

Fig. 5 shows an extension of the previous parameterized surface patch.

Fig. 6 shows a net of the total parameterization of the implicit blending surface.

Fig. 7 is an example for drawing curves on implicit surfaces using numerical parameter-

ization.

For the sake of evidence the used Bézier surface approximates the implicit surface very
rough. This causes the little bit wavy behavior of the parameter curves on the surface. But

nevertheless the curves are (hnumerically) exact on the surface.

The introduced numerical parameterization is applicable to all surfaces for which foot
points can be determined. Here is an example of a surface which is defined by normalforms:

Example 2. Given are
the implicit surfaceby: (x — +y"—r;=0,r1=2,
(1) the implicit surfacepy: (x —2)*+ y* —r} =0 2
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Fig. 7. Curves on an implicit surface.

(2) the parametric surface patch
®2: x= (100 — 5,100 — 5,6(u —u®+v—1%), 0<u<1 0<v<O08,
(3) the parametric surface patch
@31 x = (6(u — u®+v—v?) — 5,104 — 5,100 - 5),
O<u<l 05<v«<l.
Let h1(X) = 0, h2(X) = 0, h3(X) = 0 be the normalforms of these surfaces. The implicit
surface

D f(X):=h1(X)h2(X)h3(X)=c, c¢>0,
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Fig. 8. Approximation of three surfaces and an auxiliary Bézier patch.

Fig. 9. Parameterization of an approximation of three surfaces.

is a smooth approximation of the set of surfacks @,, 3. The approximation is

independent of their representations.

Fig. 8 shows a triangulation of (x) = ¢ for ¢ = 0.2 and a Bézier surface which will be

used for the parameterization. Fig. 9 shows a net of the parameterization.
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5. Parameterization of an intersection curve

For the parameterization of an intersection curve we need a formula for the curvature of
such a curve which will be derived first.

5.1. The curvature of an intersection curve

Let @1, &, be two intersecting 2-continuous surfaces with normalfordas= 0, 1> = 0
and let the intersection curvé be regular (i.e.Vh1 x Vhy # 0) and represented by the arc
length parameterization= y (s). Hence||Vh1|| = 1, |[Vho| =1 and |y’ =1, y'-y" =
gifferentiating the following equations

hi(y(s)) =0, ha(y(s)) =0
yields
Vhi-y' =0, Vhy-y'=0
and
Vh1~y”+y’thy’T=0, th-y”+y’Hh2y’T=0.

Because/’ is orthogonal tovi; andVh, and||y’|| = 1 we can choose the parameteriza-
tion of I" such that
_ Vhi1 x Vho

IVh1 x Vha||’

/

14

y" is a linear combination o¥V4, andVh,. Because the calculation becomes simpler we
use another base of the normal plane:

y'=a(Vhi x y' )+ B(Vha x y') = (@Vhi+ BVha) x y'.

Using y’Hy,y'T = k; (normal curvature on surface; in directiony’) we get from the

equationsVhy - y” = —«1, Vhy - y” = —k2 the result:
n_ k2Vhi1 —k1Vha -
[Vhi x Vhy|| '

This formula can be written independently of the representations of the intersecting
surfaces:
Let &1, @, be two intersecting’2-continuous surfaces with unit normais, ny, ||ny x
nz|| # 0, and normal curvatures, 2 in directionny x ny at a point of the intersection
curvel then
[ ]
L N1 X N2
©linyxong||

is thetangent unit vectoand
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com (k2n1 — Kk1N2) x (N1 X N2)
' (N x n2)2

is thecurvature vectothat meang describes the change of the tangent unit vettor
and its amount = ||c|| is thecurvature

5.2. Determining foot points on an intersection curve

Because for any’?-continuous surface there exists a normal form it suffice to give a
foot point algorithm for implicitly defined surfaces.

We start with two implicit surface®;: f1(X) = 0, ®2: f2(x) = 0 and assume that
they are regular and sulfficiently differentiable for the operations described below. An
essential step of the foot point algorithm is the following procedursepoint ~ which
determines for a poirpt in the “neighborhood” of the curve a poipg on the intersection
curve.

Procedureurvepoint

(CO) Let f2(x) =0, f2(x) =0 be two intersecting implicit surfaces apd point.

(C1) qo:=p,

repeat Gg+1 = Ok + Ax, where

A =iV fi(qr) + BV fa(qr) andAg - V() = —fi(aw), j=12
(Newton step forg; («, ) := f;(Gk +aV f1(Gk) + BV f2(Qr)), j=1,2.)
until ||gr+1 — gkl is “sufficiently” small.

Curve point:pg = Q1.

Procedurdootpoint

(FO) Letf1(x) =0, f2(x) =0 be two intersecting implicit surfaces apd point.

(F1) co =curvepoint (p)

(F2) repeatr; :=V f1(¢;) x V f2(c;) (tangent direction),

tiy1=0C + (pr#ri (foot point on tangent line),

Ci+1 = curvepoint  (t;+1).

until |lci+1 — ¢; | is “sufficiently” small.
Foot point:pg = Cj+1.

Remark. In case of problems considering convergence of the foot point algorithm one
should improve it by a “parabola step” (see (Hartmann, 1999), Section 5.1.2).

5.3. Parameterization of an intersection curve

Because parametrically defined surfaces can be numerically implicitized (see (Hart-
mann, 1998a)) we restrict our considerations to intersection curves of implicit surfaces.
Let be
(1) @1: f1(X) =0, ®P2: f2(x) = 0 two intersecting surfaces withi f1 x V f2 # 0 at any
point of intersection curvey,
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(2) x1, x2 start and end point of an a¥¢) of the intersection curve,

(3) I': x=y(t) a curve which interpolates;, x> and which is a rough approximation
of arc I'p to be parameterized. The parameterization®is denoted by(z).

The calculation of the pointy(r) on the intersection curve which correspondg o) is

done by the foot point algorithm above. The corresponding tangent vggions

(a) in case ofy(r) = yo(¢) the projection ofy (r) onto the unit tangent vector of the
intersection curve,

(b) in case of/ (1) # yo(¢) determined by projecting the curvésand I onto the plane
containing foot point(z), pointy (¢) and which is parallel to the tangent at point
vo(t). Then the result for planar curves is applicable.

Thealgorithmfor the numerical parameterization of the intersection curve of two implicit
surfacesf1(x) = 0, f2(x) = 0 (this algorithm is applicable to all?-continuous surfaces
by using their normalforms):

(1) Determine start- and endpoixt, X2 of the arclp to be parameterized.

(2) Choose a Bézier or B-spline cur¥& x = y(¢),t € [0, 1], that interpolatesy, x2
and is a rough approximation dfy. (Curve I should be close tdp where the
curvature ofly is large.)

(3) Point yp(r) is the foot point of pointy (r) on the intersection curvg, =0, f> =0.
(See foot point algorithm above.)

(4) If the derivativeyp(z) is needed:

Let be
V L
@ n=—L =12
IV fill
the unit normals of the surfaces,
Ny xn
(b) pom 1 XN2
N1 x N2l
the unit tangent vector at poipg(z),
rHer"
©) K=t =12,
IV /il

the normal curvature of surfagé = 0 in directionr of the intersection curve,

cim (k2Nn1 — Kk1N2) X (N1 X N2)
’ (N1 x Np)?
the curvature vector of the intersection curve,

(e) d:=y(t) — yo(1).
Then

(d)

y@-r
1-d-c
is thederivative vectoof the numerical parameterization.

yot) =

Remark. If we consider a smooth spatial curve as limit of the pencil of corresponding
canal surfaces we get from the result on normalforms in Section 2 that the introduced
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Fig. 10. Parameterization of the intersection curve of two implicit surfaces.

parameterization of an intersection curve is of cka8s? if the auxiliary parametric curve
and the given surfaces af# -continuous.

Example 1. Fig. 10 shows the numerical parameterization (points and tangent vectors) of
the intersection curve of the implicit surfaces

Ay, =x+y* 424 —1=0,  falx,y.2)=y>—(z—c)?=c*=0

for ¢ = 0.6. The auxiliary parametric curve is a quartic Bézier curve.
The arc length of the parameterized arciis= 4.14507 determined with Romberg
guadrature for 128 intermediate points.

The application of the numerical parameterization to the intersection curve of an implicit
surface (cylinder) and a surface that is only defined by using normalforms (blend surface
of two Bézier surfaces) is shown in the next example.

Example 2. Let @1 and &, be two tensor product Bézier patches with parametric
representations

@1: x= (100 — 5,100 — 5, 6(u — u® + v — v?)),

@0 X = (6(u — u®+v —v?), 104 — 5,100 — 5)

and normal form&1 = 0 andh, = 0 respectively (cf. (Hartmann, 1999)). The normalforms
are not explicitly known but can be evaluated numerically. Using the plane curve

Cd n+1
k(c,d)=(l—u)——u(l————> =0, O<u<ln=>0,
codo

we get the blending surfade(x) := k(h1(X), h2(x)) = 0 which hasG”-continuous contact
to the surfaces; and®; (cf. (Hartmann, 1998a, Hartmann, 1999)).
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Fig. 11. Parameterization of the intersection curve 6fablending surface and a cylinder.

Fig. 11 shows a numerical parameterization of the intersection curve of the blending
surface with a quadratic cylinder. The auxiliary parametric curve is a Bézier curve of
degree 4.

6. Conclusion

The idea of numerical parameterization has been introduced. It allows to handle implicit
(plane or space) curves and surfaces or even more general ones as parametric curves and
surfaces. The advantages are:

(1) Predictable curve/surface point calculation.

(2) Developed techniques for parametric curves and surfaces are applicable to implicit
or more general curves and surfaces (for example, (a) mesh generation (b) texture
mapping).

(3) The first derivative vectors make it possible to carry out curve and surface integrals
for non parametric curves and surfaces.

But one should notice that numerical parameterization is no algorithm for detecting
singularities of curves and surfaces. In order to get a regular parameterization the given
curve arc and surface patch, respectively, has to be free of singularities. The user should
have a good idea of the curve/surface to be parameterized in advance, perhaps using
suitable algorithms for implicit curves (cf. (Hartmann, 1999)), implicit surfaces (cf.
(Schmidt, 1993; Hartmann, 1998b)) and intersection curves (cf. (Bajaj et al., 1988; Barnhill
and Kersey, 1990; Hartmann, 1998a)) for displaying. The necessary auxiliary parametric
curve/surface (rough approximation of the curve/surface to be parameterized) can be
designed interactively using Bézier or B-Spline curves/surfaces.
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