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Motivations

I The paradigm of “patient oriented” hemodynamic simulations:
IMAGING ! SURFACE TRIANGULATION ! VOLUMIC GRID !
SIMULATION.

I Geometries from medical images have no “a-priori” analytical
description and may exhibit a complex topology.

I Simulation needs good meshes (and thus good surface meshes!)

I The geometry reconstruction and mesh generation process should be
as automatic as possible.
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Why implicit surfaces?

The most common surface representation in a CAD environment is by
parametric patches


 2D 3 (u; v) ! f (u; v) 2 � � R3

Most mesh generator use this representation, which, however, is dif�cult to set
up in an automated way from medical images data.

An alternative is to represent the surface by a very �ne triangulation (P.Frey
2004). Yet, you may loose regularity (at the advantage of rather ef�cient
algorithms).

IM2IM, Marseille,France– p.4/27



Implicit surfaces

� = f x 2 R3 : � (x ) = 0g

with � 2 C2(R3).

The normal form of � :

h 2 C2(R3) : h(x ) = 0; kr h(x )k = 1; 8x 2 �
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Main properties of an implicit surface

H h (x ) =
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then
� (H h ) = f 0; kmin ; kmax g

with eigenvectors fr h; dmin ; dmax g.

If v is a unitary vector tangent to � at x then the normal curvature is
kv (x ) = jv T H h (x )v j.

It is not necessary to know h in order to build H h !

H h =
H

kr � k
on �

with H being the Hessian of � .
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How to build � ?

By interpolation using radial basis functions

� (x ) =
nX

j =0

wj ' (kx � cj k);

wj are the “weights”, cj the “nodes” and ' : R ! R is the "radial basis
function" (RBF).

The segmentation of the medical image provides a set of point on the surface.
A subset of these points f cj ; 0 � j � mg plus additional points
f cj ; m < j � ng internal to the surface are chosen as “nodes”. Then the
weights are computed by imposing

� (cj ) = 0 0 � j � m; � (cj ) = dj m < j � n

dj being an approximation of dist (cj ; �) .
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The procedure

Courtesy of A. Radaelli
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The choice of '

The RBF must be chosen so that the linear system resulting from the
interpolation conditions is not singular (a part possible degenerate cases).
Possible choices are

linear : ' (r ) = r r � 0

multiquadratic : ' (r ) = (r 2 + c2)
1
2 r � 0; c > 0

cubic : ' (r ) = r 3 r � 0
Gaussian : ' (r ) = exp(� cr 2) r � 0; c > 0

inverse multiquadratic : ' (r ) = (r 2 + c2)� 1
2 r � 0; c > 0

If one chooses Gaussian or inverse multiquadratic RB F the interpolation
matrix is symmetric positive de�nite .

A linear ' gives rise to the biharmonic interpolation, which minimises the

H 2(R 2) seminorm among all possible radial basis functions (Duchon 1977).
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Example using cubic RBF
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Major properties of RBF based surfaces

I You may represent a complex surface with a single analitical
representation;

I The surface is not auto-intersecting;

I The surface may suffer of the classical problems of interpolating
functions when the data is noisy: it may cured either by regularising the
RBF function or replacing interpolation by least squares techniques;

I Surface interrogation is generally more expensive than by other
techniques: some special algorithms are available to reduce the cost.

I Ef�cient algorithms to project points on the surface are available (E.
Hartmann 1999).
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Conventional triangulation algorithms

The most common algorithm to triangulate an implicit surface is the “marching
cubes”, or some variant like the “marching tetrahedra”. The latter is guaranteed
to produce water-tight triangulations, so it has been preferred for our work.
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An example

Left marching cube, right marching tetrahedra
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Mesh optimisation

The mesh produced by the marching tetrahedra algorithm is still not
satisfactory: little control is possible on the triangle quality.
So after the �rst triangulation we will proceed to a mesh optimisation. The
procedure is linked to the concept of mesh metric.
Given a vector v = (v1; v2)T and a symmetric positive de�nite matrix M the
length of v according to the metric induced by M is

kv kM =
p

v T � M � v = (� 1 � v2
1 + � 2 � v2

2 + � 3 � v2
3 )

1
2

where � i ; ai are the eigenpairs of M and vi = v � ai .
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Metric function

If M = M (x) then

kv kM =
1

kv k

Z B

A

p
v T M (x )vdx;

Given a metric, a triangle is said to be compliant with the metric if all its edges
are of unitary length according to the metric. The metric allows to control both
triangle size and aspect ratio.

Given a triangulation and a metric we may de�ne optimality indicators, such as

� e = 1 �
1

Ns

N sX

i =1

(1 � kei kM )2

The optimal mesh minimize � e among all possible triangulation. (see P. Frey,

P.L. George, H. Borouchaki,C. Bottasso, J.R.Shewchuk for other possible opti-

mality factors).
IM2IM, Marseille,France– p.15/27



How to choose the “best” metric

For surface triangulation the metric will depend by (at least) two factors

I Intrinsic surface properties. we may want, for instance, to have a
triangulation whose element size is related to curvature. The metric in
the tangent plane will then be related to curvature radii and principal
directions.

I User de�ned mesh spacings. The user may want a �ner mesh where a
higher resolution is desired or more complicated �o w features are
expected.

How to combine the two requirements: metric interpolation and intersection (P.
Frey, P.L. George 2000).

There are different ways of constructing an intrinsic metric function. Here we
have chosen to control the distance � of the triangulation to the implicit surface.
Moreover we want that the spacing of the volumic mesh normal to the surface
be 
 � m , where � m is the average curvature radii.
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Intrinsic metric

Following P. Frey and P.L George (2000) if d 1 ,d2 are the surface principal

directions and � 1, � 2 the corresponding curvature radii, � =
�

max(� 1; � 2)

� = 4� (2 � � ), � = 4�
� 1

� 2
(2 � �

� 1

� 2
), the metric that satis�es (approximately) the

stated requirements is
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with
D = [d1 d2 d1 � d2 ]
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Produce a metric compliant triangulation

Starting by an initial mesh produced by the marching tetrahedra, an
optimisation procedure is implemented based on local mesh operations:

I Node movement. Nodes are moved in the tangent plane and the
projected back onto � .

I Edge collapsing. “Short” edges are collapsed into a point.

I Point insertion. Points are inserted in “long” edges, and projected back
onto �

I Edge swapping. Based both on geometric criteria (minimization of � e)
and on topological criteria (in a regular closed triangular mesh 6 edges
converges to a node).

All operations require to control if the modi�ed triangulation is valid (need of

ef�cient algorithms for testing auto-intersections).
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Node movement
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Re�nement
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Re�nement, a second example
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Dere�nement
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Edge swapping
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The software

All techniques have been implemented in a open source software package
called etol that will be soon available under GPL licence, as part of the
HaeMOdel project.

I Surface mesh description is based on the Gnu Triangulated Surface
library.

I The software is extendable: users can easily replace the default
algorithms with specially made ones through a “plugin” mechanism
(dynamic libraries).

I The intrinsic metric may be intersected with a user de�ned one.

I Interface with the open source mesh generator NETGEN for volumic
meshes.

I It is possible to de�ne (and triangulate) cutting planes, in order to create
arti�cial boundary condition sections.
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An example

Initial mesh
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An example

Optimised according to intrinsic metric.
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An example

Intersection with a user de�ned spacing.
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Conclusions

I Implicit surface representation by RBF is a viable tool for fully automatic
mesh creation.

I A software tool (still � version. . . but working) has been developed which
is user extendable and will be part of the software tools developed within
the HaeMOdel project for cardiovascular simulations.

I Using a metric based approach makes it possible to integrate mesh
adaption procedures based on a-priori or a-posteriori error estimation.

I Work is on going on the adaptive selection of the control points for the
implicit function creation.
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