


Incompressible Unsteady
Navier-Stokes Equations

Discretization

At each time levet=t"*! we need to solve the system: Ay”"‘l — pntl
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Inexact LU block Factorization .

C 0 Iy, C-1DT ,
A = = LU Y

D —-DC-'DT 0 In,

i-1¢ 0 Iy, GDT |
| D —DFD 0 Q |

F andG appropriate approximationsf C-1, Q is such thaDGD7- DFD Qs small

C CGDT
D DGD! —DFD'Q

_ At

CEU

Neumann expansion: C-1

_ At (__At —M~'tH

Qo

k—
) (M~tA)F—IMm—T
AW =

Mass preservingchemeF=G=H, Q=I , (Algebraic Chorin Temam Per ot 09 3

Momentum preservingsch..G=C1, F=H (Q=l,,: Yosida Quarteroni , Sa

O(At)

Higher order schemes build a sequenceQfsuch that:| ||| X — SQ, ||| =

P. Gervasio, F. Saleri, A. Veneziani ¢ Algebra being § — DHDT and ¥ — Dc—lDT the
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High order scheme

Nested PC Splitting error

for (i=0; i<p+1;++i) _ _ | S
z(i ) =ZeroVector (dim_P); B

for (i=0; i<p;++i) T — |
for (j=0;j<p;++j)

zz (1) = ZeroVector (dim_U);
dzz (i) = ZeroVector (dim_P);
Solve: S z(0)= ;
for (1=0; I<p; ++1)
77 (1,0) = -H A HDT z(i);
dzz (1,0) =D 77 (1,0);
= dzz (i,0);
for (j=1; j<1+i; ++j)
zz (1 -),)) = - HA zz( -}, -1)
dzz(i -j)=D zz (i - 1))
+= dzz (i -]));
Solve: S z(i+l) = ; ,
P = sum( 2); I ‘ | Pressgre

A. Veneziani ¢ Algebraic time adaptive splitting schemes for the IncompresslblgerStokes
Equations; 8t World Congress on Computational Mechanics
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Sparse factorization

symmetric

metric Cholesky
semi-definite ':> factorization
constantin time

S—=_DHD?"

Set D = pH'/? perform a sparse QR factorization of DT = QR

S=—-R'R

QR27

SuiteSparseQR

Im Davis 2008 (CISE ¢ Univ. of Florida) P. Matstoms 1992 (Univ. of LinkSping)
User-friendly Matlab and C++ interfaces Fortran77
Optimizeq for multi-core architecture Exploitsparallelizationin BLAS and
oLYyuSt Qa ¢ KNBIF RA LAPACK
Sparse and efficient storage Q Qis not returned to the user

@p://www.mse.uﬂ.edu/research/spar? No more available.

SuiteSparse/

T.A. Davis.! 4 SN A& SudeSdgarSeQRatifrontal multithread sparse QR factorization package
Dept. of Computer and Information Science and Engineering. Univ of Florida (2008)



Sparse factorization 4

F| I |_|n red UC|ng wAMD: approximate minimum degree ordering

wCOLAMD: an AMD variant optimized for large matrices

@) rd erin g wMetis: graph partitioning algorithm

Sym bO I |C wPermute columns

wCompute the elimination tree of ATA

faCtO rlzatl on wDetermine the supernodes

N u m e r | Cal wFactorize frontal matrices starting from the leaves (Lapack)
wAssemble parent frontal matrices

Factor | Zatl @)@ wractorize parent frontal matrices (Lapack).

Parallelization opportunities TBE:

Frontal
matrices
tree

T. A. Davis. Multifrontal multithreaded rankrevealing sparse QR factorizatiokCM Transactions on
Mathematical Software. (2008)



Classes mainly involved

NavierStokesHandler

- Full or incomplete stress tensor

- Consistent or lumped velocity
mass matrices

- Standard or incremental pressure
approach

NavierStokesSolverBase

NavierStokesSolverCC NavierStokesSolverQR

e

: Cahouet-Chabard _ - : Cahouet-Chabard
| preconditioner -~ , preconditioner

I (withfgmres) -~ , (withoutnested

: s _ .+ Titerations)

e

-
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SolverAztec SparseQR

LifeV Serial branch. (Latest version)

- Matrices assembling
- PostProcessing

- time advancing

- virtual void iterate

-

NavierStokesSolverHOY

-
”
-
-

HighOrderYosida

: - Direct Solver
1 - Preconditioned
1 Schur Complement



Cost of QR factorization

Domain:unit cube

Discretization: P2-P1 finite element (velocity and pressure respectively)
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NOTE: For fixed domain problem

the factorization of S is computed only once, outside the time advancingloop.

Compiler gcc4.3.4 ¢ Blas ACML4.3 ¢ without OpenMP ¢ Sun Microsystems SunFire V40z, 32GB of memory
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Cost per timestep

8x8x8 Mesh
15K velocity dofs
729 pressure dofs
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32x32x32 Mesh
823 K velocity dofs
36 K pressure dofs

i i Pressure System
B Velocity System
i B Assembling

Bottleneck: the solution of the Momentum equation.

Compiler gcc4.3.4 ¢ Blas ACML4.3 ¢ without OpenMP ¢ Sun Microsystems SunFire V40z, 32GB of memory



Cost per timestep
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Bottleneck: the solution of the Momentum equation.

Compiler gcc4.3.4 ¢ Blas ACML4.3 ¢ without OpenMP ¢ Sun Microsystems SunFire V40z, 32GB of memory



Parallel speed-up

Tree based Blas based
parallelismonly parallelismonly Combined
b b b
24.0kx729 4®8)
41 182k x 4.9k ' 4 ' 4 7
1.41k x 36k :
S 3 ' 3 T | 3 (1,4) ,”"" _AGD
D . I A
; - .
1} o 1| Y @1y @b

Scalability
Initial fact. stages

Large matrices
Frontal
matrices
tree

Final fact. stages

Complementary, not in contention!

Sun Microsystems SunFire V40z, with 4 Dual Core AMD Opteron(tm) Proces‘éars 32 GB of memory.
Linux kernel version 2.6, Matlab 7.6, TBB2.1



Conclusion

AA High Order Yosida splitting has been implemented in LifeV.
AThe new virtual class NavierStokesSolverBase could prevent code
duplication.

ASuiteSparseQR performance appears adequate to extend the benefit of
inexact factorization with from 2D problemsto 3D ones, in particular:
I computational efficiency,

I scalability with multicore machine,
I high order in time approximation,
I adaptive formulations.
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W/ |
/ Parallel version:
Moving domains How and what to
v port?
Q2elements
on hexahedra.

L .
Time
adaptivity



