
Umberto Villa

Emory University

Lausanne, January 7th 2010

Algebraic splitting methods
for the Navier-Stokes Equations



Basic Settings

Incompressible Unsteady
Navier-Stokes Equations

Space: Galerkin methodsLBB conditions fulfilled

Time: BDFq schemes  (qÒ3) with a semi-implicit 

treatment of the convective term

Discretization

At each time level t=tn+1 we need to solve the system:



Ý

F and G appropriate approximationsof C-1, Q is such that DGDT-DFDTQ is small 

Neumann expansion:

Mass preservingscheme: F=G=H, Q=I Np (Algebraic Chorin Temam, Perot ô93)

Momentum preservingsch.: G=C-1, F=H (Q=I Np: Yosida, Quarteroni, Saleri, Veneziani,ô99)

¹H

Inexact LU block Factorization

Higher order schemes build a sequence of Qp such that:

P. Gervasio, F. Saleri, A. Veneziani ςAlgebraic fractional-step schemes with spectral methods for the 
incompressible Navier-Stokes equations.ςJournal of Computational physics .



for (i=0; i<p+1;++i)

z(i ) =ZeroVector ( dim_P );

for (i=0; i<p;++i)

for (j=0;j<p;++j)

zz (i,j)  = ZeroVector ( dim_U);

dzz (i,j) = ZeroVector ( dim_P );

Solve: S z(0) = rhs ;

for (i=0; i<p; ++i)

zz (i,0) = - H A H DT z(i);

dzz (i,0) = D zz (i,0);

cc = dzz (i,0);

for (j=1; j<1+i; ++j)

zz (i - j,j) = - H A zz (i - j,j - 1);

dzz (i - j,j) = D zz (i - j,j);

cc += dzz (i - j,j);

Solve: S z(i+1) = cc ;

P = sum( z);

Nested PC

High order scheme

Velocity

Pressure

A. Veneziani ςAlgebraic time adaptive splitting schemes for the Incompressible Navier-Stokes 
Equationsς8th World Congress on Computational Mechanics

Splitting error



SuiteSparseQR QR27

Tim Davis 2008 (CISE ςUniv. of Florida) P. Matstoms 1992 (Univ. of LinkSping)

User-friendly Matlab and C++ interfaces Fortran77

Optimized for multi-core architecture 
όLƴǘŜƭΩǎ ¢ƘǊŜŀŘƛƴƎ .ǳƛƭŘƛƴƎ .ƭƻŎƪǎύ

Exploits parallelization in BLAS and 
LAPACK

Sparse and efficient storage Q Q is not returned to the user

http://www.cise.ufl.edu/research/sparse/
SuiteSparse/

No more available.

Sparse factorization

T. A. Davis. ¦ǎŜǊΩǎ DǳƛŘŜ ŦƻǊ SuiteSparseQR, a multifrontal multithread sparse QR factorization package. 
Dept. of Computer and Information Science and Engineering. Univ of Florida (2008)

Set                    ,   perform a sparse QR factorization of

symmetric
semi-definite
constant in time

Cholesky
factorization



Sparse factorization

ωAMD: approximate minimum degree ordering

ωCOLAMD: an AMD variant optimized for large matrices

ωMetis: graph partitioning algorithm

Fill-in reducing 
ordering: 

ωPermute columns

ωCompute the elimination tree of ATA

ωDetermine the supernodes

Symbolic 
factorization

ωFactorize frontal matrices starting from the leaves (Lapack)

ωAssemble parent frontal matrices

ωFactorize parent frontal matrices (Lapack).

Numerical 
Factorization:

T. A. Davis. Multifrontal multithreaded rank-revealing sparse QR factorization. ACM Transactions on 
Mathematical Software. (2008)

OpenMP:
Lapack

Blas

TBB:
Frontal 

matrices
tree

Parallelization opportunities



Classes mainly involved

NavierStokesHandler

NavierStokesSolverBase

NavierStokesSolverQR NavierStokesSolverHOY

- Matrices assembling
- PostProcessing
- time advancing
- virtual void iterate

- Full or incomplete stress tensor
- Consistent or lumped velocity 
mass matrices
- Standard or incremental pressure 
approach

HighOrderYosidaSparseQR

Cahouet-Chabard
preconditioner
(without nested 
iterations)

- Direct Solver
- Preconditioned 
Schur Complement

NavierStokesSolverCC

Cahouet-Chabard
preconditioner
(with fgmres)

SolverAztec

LifeV Serial branch. (Latest version)



Cost of QR factorization

Compiler gcc4.3.4 ςBlas ACML4.3 ςwithout OpenMPςSun Microsystems SunFire V40z, 32GB of memory

8x8x8 Mesh

16x16x16 Mesh

32x32x32 Mesh

8x8x8 Mesh

16x16x16 Mesh

32x32x32 Mesh

NOTE: For fixed domain problem
the factorization of S is computed only once, outside the time advancing loop.

Domain: unit cube
Discretization: P2-P1 finite element (velocity and pressure respectively)



Cost per timestep
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Bottleneck: the solution of the Momentum equation.

Compiler gcc4.3.4 ςBlas ACML4.3 ςwithout OpenMPςSun Microsystems SunFire V40z, 32GB of memory



Cost per timestep

Bottleneck: the solution of the Momentum equation.

Compiler gcc4.3.4 ςBlas ACML4.3 ςwithout OpenMPςSun Microsystems SunFire V40z, 32GB of memory



Parallel speed-up
Sp
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(4,1)
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Cores Cores

Tree based 
parallelism only

Blas based 
parallelism only Combined

24.0k x 729
182k x 4.9k
1.41k x 36k

Sun Microsystems SunFire V40z, with 4 Dual Core AMD Opteron(tm) Processors 32 GB of memory. 
Linux kernel version 2.6, Matlab 7.6, TBB2.1 

Scalability

Initial fact. stages

Large matrices

Final fact.  stages

OpenMP:
Lapack

Blas

TBB:
Frontal 

matrices
tree

Complementary, not in contention!



Time 
adaptivity

Q2 elements 
on hexahedra.

Moving domains
Parallel version: 
How and what to 
port?

²ƘŀǘΩǎ ƴŜȄǘΚ

Conclusion

ÅA High Order Yosida splitting has been implemented in LifeV.
ÅThe new virtual class NavierStokesSolverBase could prevent code 
duplication.
ÅSuiteSparseQR performance appears adequate to extend the benefit of 
inexact factorization with from 2D problems to 3D ones, in particular:
ïcomputational efficiency,
ïscalability with multicore machine,
ïhigh order in time approximation,
ïadaptive formulations.


